Using mathematical induction, prove each of the following statements for all n € N

n (n+1) (2n+1)
6

1. 12+ 22+32 + 42+ ... +n? =

Solution: Let s be the given statement ;

Sy = 12+ 22+3% + 4%+ ¢ 2 = RindD) (Zndl)
(n) ----------- 6

. _1@+D@1+4D) | 23 _ _

Since s(q) =——7F—— =—=1,(n=1)

The statement is true for n=1

Assume that the statement sy is true for n=k . then

Sgoy = 12+ 22+3% + 4%+ ... +k2=w
We show that the statement s is true for n=k+1

(k+1) [(k+1)+1 J[2(k+1)+1 ]
6

We show that sqq) =
We observe that , sg4q) = 12+ 2%2+3%+ 4%+ ... + k2+ (k +1)?

= S(k) + (k + 1)2

_ k(k+1)6(2k+1) + (k+1)?
k (k+1)(2k+1)+6(k+1)?
6

(k+1) [k(2k+1)+ 6 (k+1)]
6

(k+1) (2k?+k+6k+6)
6

(k+1) (2k?+7k+6)
6

_(k+1) (k+2) (2k+3)
6

[(k+1) (k+1)+1][2(k+1)+1]
S(k+1) P

. The formula is true for n=k+1

. By the principle of mathematical induction Smy Is true for all n€ N.

12+ 22432 4+ 424 ... +nz=w,istrueforallne N.
2
2. 23 +34+45+ ... + upto n terms = n(nténti)

3

Solution: Let s¢,y be the given statement ;



( n?+ 6n+ 11)

23 +34 +45 + ... + upto n terms = 3
The n*term of 2.3 + 3.4 + 45 + ......... Is (n+1) (n+2)
t" = a+(n-1)d = 2+(n-1)1 =n+1, 3+(n-1)1=n+2]
2
Sm) =23 + 3.4 + 45 + ... + (n+1) (n+2) = n(nténtil)

3

1(1%+ 6.1+11) 18
1T +61+11) 3 ):?:6, for n =1

Since s(1) = 2.3 =
The statement s is true for n=1

Assume that the statement sy is true for n=k , then

k (k®+6k + 11)

Sy = 2.3 + 3.4 + 45 + . +(kt1) (k+2) = -

We show that the statement s is true for n=k+1

We show that, sgi1) = k+1) [ (k+1):+6 (k+1) + 11 ]

We observe that,

Sk+1) = 2.3 + 3.4 + 45 + ... +(k+1) (k+2) + [ (k+1)+1] [ (k+1) +2 ]

Sy + (k+2) (k+3)

2
- k@Ttok+ 11) +2"+ D 4 (k+2) (k+3)
_ (K3+6k?+11k )+ 3(k*+5k+6)
3

_ k3+9Kk%+26 k+18

3
_ (k+1) (k?+8k + 18)
- 3

_ (k+1) (K*+6 k+2k +1+6+11)
3

_ (k+1) [ (K242k+1)+ (6 k+k+11) ]
3

(k+1) [ (k+1)%+6 (k+1)+11 ]
3

© S(k+1) T
~ The formula is true for n=k+1
By the principle of mathematical induction s, is true for all n€ N.

n( n?+ 6n+ 1)

23 +34 +45 + ... + (n+1) (n+2) = 3 ,

is true for all n € N.

1 1 1 1 n

. + =
1.3 3.5 5.7 (2n-1)(2n+1) 2n+1




Solution: Let s¢,y be the given statement ;

o= Lo L1, N 1 _n
m) = 33 T35 " 57 " e 2n-1)(2n+1) ~ 2n+1

Since  s(q) = =_——_=1

13 2(1)+1 3 (n=1)

The statement s, is true for n=1

Assume that the statement s is true for n=k . then

1 1 1 k
+

1
Sy = — + — + — + =
k) = 13 T 35 " 57 (2k-1)(2k+1)  2k+1

We show that the statement s, is true for n=k+1

k+1
We show that Sges1) = 30057
We observe that,
- 1 + L + = + + : ¥ i
Sttt = T3 F 3zt o o (2k-1)(2k+1)  [2(k+1)-1][2(k+1)+1]

= ST GrrD(ekes)

k 1
= +
2k+1 (2k+1)(2k+3)

_ kQk+3)+ 1
T (2k+1)(2k+3)

_ 2k*+3k+1
T (2k+1)(2k+3)

_ (Qk+1)(k+1)
T (2k+1)(2k+3)

k+1
2k+3

k+1

S+1) = S0 +1

. The formula is true for n=k+1

By the principle of mathematical induction s, is true for all n€ N.

1 1 1 + : =
.......... (2n-1)(2n+1) 2n+1

is true for all n € N.

4, 43 +83 + 123 + ... Upto n terms = 16 n?(n + 1)?

Solution @ Let s¢,) be the given statement ;
Smy = 4° + 8%+ 123 + . + (4n)? = 16n2(n+ 1)?

sqy =4 =16 (1)*(1+1)* = 164 =64  for n=1



The statement s is true for n=1
Assume that the statement s()is true for n=k . then
Say = 4+ 83+ 123 + L + (4k)3 = 16 k%(k+ 1)
We show that the statement s is true for n=k+1
We show that sgq) = 16(k + 1) 2[ (k+ 1) +1]?
We observe that,
Sty = 4%+ 8%+ 123 + L + (4k)°3 + [4(k+1D) )P
= Sgy + 4°(k+1)3
= 16 k?(k+1)* +4° (k+1)3
= 16 (k + 1)%[k?+4 (k+1)]
= 16 (k + 1)* (k*+4 k + 4)
= 16 (k + 1)? (k + 2)?
Steeny = 16(k + 1) ?[(k+1)+1]?
. The formula is true for n=k+1
~ By the principle of mathematical induction s, is true for all n€ N.
43 + 8% + 123 + ... + (4n)® = 16n%(n+1)? s true for al n€ N
5. a+ (a+d) + (a+2d) + .......... Upto n terms = 22[2a+(n-1)d]

Solution : Let Sn) be the given statement ;

The nt" term of the given series is [a+(n-1)d]

Smy = a + (@a+d) + (a+2d) + ......... + [a+(n-1)d] = 2£[2a +(n-1)d]
Sy = a = 21[2a+(1—1)d] =a, forn=1

The statement s, is true for n=1

Assume that the statement s is true for n=k , then

Sty = a + (a+d) + (a+2d) + e + [a+(k-1)d] = 25[2a+(k-1)d]

We show that the statement s(,) is true for n=k+1

We show that sy = % [2a + [ (k+1)-1)d]]



We observe that, siy4q) = a + (a+d) + (a+2d) + ... + [a+(k-1)d] + [a+([k+1]-1)d]
= S + (atkd)
- 2E[za+(k-1)o|1 + (a+kd)
= ~[2ka+k?d-kd+2a+2kd]
= Zl[zka+2a+k2d+ kd]

- 21[2a+(k+1) + kd (k+1) ]

- Zl[ (k+1) (2a+kd) ]

= % (2a+kd)

Sgern = 123+ [(1)-1)d]]

. The formula is true for n=k+1

By the principle of mathematical induction s, is true for all n€ N.

a+(a+d) + (a+2d) + .......... + [a+(n-1)d] = 22[2a+(n-1)d ], is true for all n € N.

a(r™"-1)
r-1 '’

6. a+ar + ard + ....... Upto n terms = r+1

Solution @ Let s¢,) be the given statement ;

a(r™-1)

Smy =a+ar+ar’ + ... +ar™ 1 = =

1_
For n=1, s(1) = a =a((:_1)1) =a

The statement s is true for n=1
Assume that the statement s(;)is true for n=k . then

3

k
— a(r -1
Sk)y =atar+ar’ + ... tark-1 = a@r™-1

(r-1)
We show that the statement s is true for n=k+1

a (ré+_q)

We show that sy = D

We observe that,
Stk+1) =@ +ar +ar’ + ... +ar"™l 4 grk+D-1

= sqgy + ar®r-l



_a (rk—l) k

= —(r—l) + ar

a (rk-1)+rk@r-1)
(r-1)

a (rk—1+ rk+1_rk)

(r-1

a(r(k“)—l)
Sk+1) = =

. The formula is true for n=k+1
By the principle of mathematical induction s, is true for all n€ N.

_ a (-1 .
a+ar+ard + ... +ar™ 1l = ((r—l)) is true for all n€ N.

7. 247 +12 4 ..., +(5n+3):%n—1)

Solution @ Let s,y be the given statement ;

Sy = 2+ 7+ 12+ +(5n+3)=@
1(5.1-1) _ 4

5(1)_2= - E=2, For n=1

The statement s is true for n=1

Assume that the statement s is true for n=k , then

k (5k—1)

St = 2+ 7+ 12 + ... + (5k+3) = 2

We show that the statement s is true for n=k+1

(k+1)[5(k+1)-1]

We show that, sq4q) = >

We observe that,
Stke1) =2+ 7 + 12 + + (5k +3) + [5(k+1)-3]

Sy + (5k+2)

= £EED L (ske2)

k (5k—1) + 2 (5k+2)
2

5k?-k+10k+4
2

5k®+ 9k +4
2



5k?®+ 5k+t4ak+4
2

_ 5k (k+1) +4 (k+1)
- 2
_ (k+1) (5k+1)

2

. (k+1) [5(k+1)-1]
. S(k+1) - 2

~ The formula is true for n=k+1

~ By the principle of mathematical induction s, is true for all n€ N.

2 +7 + 12 + ... +(5n+3)=@ , is true for all n€ N.
3 5 7 2n+1
8 (1+7) (142) (14 5) (1+ Zz ) = (n+1)?

Solution @ Let s¢,) be the given statement ;

2n+1
n2

say = (142) (1+3) (1+ 1) (157 ) = (n+1)?

4= (1+1)?%=4, Forn=1

S
The statement s, is true for n=1

Assume that the statement s is true for n=k , then

2 k+1
k2

3 5 7
Say = (L+7) (1+2) (1 5) e (1+ ) = (k+1)?
We show that the statement s is true for n=k+1

We show that, sg4qy =[(k +1) + 1]

We observe that,

2(k+1)+1
T (k+1)2

s(k+1):(1+§)(1+§)(1+§) ............ (1+ ) (1 )

2k+3
S(k) (1+m)

(k+1)2% +(2k+3)
(k+1)2

(k+1)% [ ]

(k+1)? (k+1)%+ (2k+3)
(k+1)2

(k+1)?% + 2k + 3)
= k%+2k+1+2k+3

= k?+4k + 4



= (k+ 1)2
v Sy = [(k+D+1]?
. The formula is true for n=k+1

- By the principle of mathematical induction s, is true for all n€ N.

2n+1
n2

(1+%)(1+%)(1+g) ............ (1+ ) = (n+1)%, is true for all n€ N.
9. 2n+7)< (n+3)?
Solution : Let Stn) be the given statement ;
Since  (2.1+7)< (1+3)2 for n=1
9< 16
The statement s, is true for n=1
Assume that the statement s()is true for n=k , then
2k +7) < (k + 3)?
We show that the statement s is true for n=k+1
We show that, [2 (k+1)+7]< [(k+1)+3]? = (k+4)?
We observe that, 2k+2+7 = 2k+7+2 < (k + 3)? +2
= k2+6k+9 + 2
= k2+6k+11 < ( k2+6k+11) + (2k+5)
= k2+6k+11+2k+5
= k2+8k+16
= (k+4)?
» The formula is true for n=k+1

~ By the principle of mathematical induction s, is true for all n€ N.

(2n+7)< (n+3)% is true for all n€ N.
10. 12+ 22+ 324 .. + n2>=%

Solution @ Let s¢,) be the given statement ;

S(n)=12+ 224+ 324+ ... + n2>>L



Since sy = 1> % for n=1
The statement s, is true for n=1

Assume that the statement s()is true for n=k , then

_ 12 2 2 24 K
Say = 19+ 2%+ 3%+ ... +k>3

We show that the statement s, is true for n=k+1

(k+1)3
3

We show that, Sk+1) >
Skeny = 12+ 22+ 3%+ .. + k% + (k+1)2
= S(k) + (k + 1)2
k3
> + (k%+ 2k + 3)

k3+3k%+6k+3
3

k34+3Kk%+3k+1+3k+2
3

(k+1)3+(3k+2)
3

_ (k+1D)3  3Kk+2 (k+1)3
3 3 3

* The formula is true for n=k+1

By the principle of mathematical induction s, is true for all n€ N.

124 224 324+ ... + n2>%, is true for all n€ N.
11. 4™ - 3n—-1 s divisible by 9
Solution : Let Sm) be the given statement ;
4™ - 3n-1 s divisible by 9
Since 4'-31-1=0 s divisible by 9
The statement s, is true for n=1
Assume that the statement s, is true for n=k , then
4k _ 3k—1 is divisible by 9
4k - 3k-1 =9t (t€n)

We show that the statement s(,) is true for n=k+1



We show that, 4(k+1) _ 3(k+1) -1 is divisible by 9
We observe that, 4%-3k-1 =9t

4k =9t +3k + 1 ... (1)

404D - 3(k+41) -1

= 4k4-3k-3-1

(9t +3k + 1)4-3k—-4 [4% from (1)]

94t+12k+4-3k-4

94t+9k

9(4t+ k)

4(k+1) _ 3(k+1) -1 is divisible by 9
. The formula is true for n=k+1
~ By the principle of mathematical induction s, is true for all n€ N.
4™ - 3n—1 is divisible by 9, is true for all n€ N.
12. 3.5%2n*1 4 237+1 s divisible by 17
Solution @ Let s¢,) be the given statement ;
3,521 4 23n+1 s divisible by 17
Since 3.521%1 4 23141 = 3 534+ 2%=375+16 =391
391 is divisible by 17
The statement s is true for n=1
Assume that the statement s, is true for n=k , then
3.52k+1 4 23k+1 s divisible by 17
3.52k+1 4 23k+l - g7y, (ten)
3.5%k+1 = 17¢ - 28k+1 L. (1)

We show that the statement s is true for n=k+1

We show that,  3.52(k+D+1 4 23(k+D+1 s divisible by 17

3. 52(k+1)+1 + 23(k+1)+1

= 3. 52k+1. 52+ 23k+3 2



= [ 17t - 23k+1 125 423k 232

17.25.t - 23225 + 23k 16

17.25.t - 23k 50 + 23k 16

17.25.t - 23¥[50 - 16]

17.25.t - 23k 34

17.25.t - 23k 2.17

17 (25.t - 23k+1), (25.t - 23k*1) is an integer
3. 52(k+D+1 . 93(k+D+1 s divisible by 17
~ The formula is true for n=k+1
- By the principle of mathematical induction s, is true for all n€ N.

3.52n%1 4 2371 s divisible by 17, is true for all n € N.

n(n+1)(n+2)(n+3)

13. 123 + 234 + 346 + ............ upto n terms = ;

Solution @ Let s¢,) be the given statement ;

The n" term of the given series is n(n+1)(n+2)

n(n+1)(n+2)(n+3)
4

Smy = 1.23 + 234 + 346 + ... +n(n+1)(n+2) =

1(1+1)(1+2)(1+3)

S = 123 =6 = 2

=6 , for n=1

The statement s, is true for n=1

Assume that the statement s(,)is true for n=k , then
St = 12.3 + 234 4 346 + . + k(k+1)(k+2) = w
We show that the statement s is true for n=k+1

(k+1) [(k+1)+1] [(k+1)+ 2] [(k+1)+ 3]
4

We show that,  Sqyq) =

We observe that,

Stk+1) = 1.2.3 + 234 + 346 + ..., + k(k+1)(k+2 ) + (k+1) [(k+1) + 1] [k+1) + 2]

Sy + (k+1) (k+2) (k+3)

- —"("+1)("4+2)("+3) + (k+1) (k+2) (k+3)
k(k+1)(k+2)(k+3) + 4 [ (k+1)(k+2)(k+3)
4




(k+1)(k+2)(k+3) [k+4]
4

(k+1) [(k+1)+1] [(k+1)+ 2] [(k+1)+ 3]
© S+ = 7

. The formula is true for n=k+1

By the principle of mathematical induction s, is true for all n€ N.

1.23 + 234 + 346 + ............ +n(n+1)(n+2) = n(nﬂ)(Tz)(nH) , is true for all n € N.
3 3 3 3 3 3
14, L 42 TS + upto n terms = — (2n%+9n+13)
1 1+3 1+3+45 24

Solution @ Let s,y be the given statement ;

13 13423 1342343° 13+23+33+4..n3 n

=~ + + oo +————— = —(2n%+9n+13)
1 1+3 1+3+5 1+3+5+--2n—1 24

13 13423 13423433 n?(n+1)2 n

=+ + F o,  BEOHDT M on249n413)

1 1+3 1+3+5 4n2 24

n?(n+1)? _ (n+1)?

n
Sy = T T = Z(2n2+9n+13)
. 1 5 24
Since Sy =1 = —(2.1749.1413) = — =1, for n=1
24 24

The statement s is true for n=1

Assume that the statement s is true for n=k , then

1?0 13423 13423433 B+23+3%+..k3 k
-+ + o + —————— = —(2k%+9k+13)
1 1+3 1+3+5 1+3+5+--2k—1 24
(k+1)2 k 2
= = — (2k“+9k+1
S(k) 2 24( k<49 3)

We show that the statement s is true for n=k+1
how th = 2 Dk +1)2+9(k 3
We show that, s(k+1)—7[(+)+ (k+1) + 13]

We observe that,

13 13423 13423433 (k+1)% [ (k+1) +1]?
— + + F o + +
1 1+3 1+3+45 4 4
_ (k+2)2
_S(k) +
(k+2)?

X (2k2+9Kk+13) +
24

= % (2k?+9k+13) + 6(k>+4k+4)

[

= - [ (2k°+9k?+13k) + (6k?+24k+24) ]



= i (2k3+9k2+13k + 6k 2+24k+24)

. i (2k3+15k2+37k+24)

- % (2k2+13k+24)

= % (2k?%+4k+9k+2+9+13)

= (k;:) (2k?+4k+2) + (9k+9)+13)

Sern) = oo [20k + 1)+ 9 (k1) + 13]

. The formula is true for n=k+1

~ By the principle of mathematical induction s, is true for all n€ N.

L S i e O O i 2 (2n%+9n+13) , s true for all n € N.
1 143 1+3+5 1+3+45+-2n-1 24
15. 12+ (1%2+ 22) + (1%2+ 22+ 3%) + ... uptonterms=%§<n+z)
Solution @ Let s¢,) be the given statement ;
124 (1%2+ 2%) + (124 22+ 3%) + ... + (124 22+ 324 .+ n? ) = LD (4D)

12

. L 1)(2n+1
The n" term of the given series is n(nt1)@nty)

6
2
Sy = 12+ (12+ 22) + (124 22+ 32) + ... + M"“;(Z"H) = n("+11)2 (n+2)
2
Since Sy =1-= 1anyars) 12 1, for n=1
12 12

The statement s, is true for n=1

Assume that the statement s is true for n=k , then

2
Saoy = 12 + (12+ 22) + (12 + 224 32) o + k(k+12(2k+1) - k(k+11)2 (k+2)

We show that the statement s is true for n=k+1

(k+1) [(k+1)+1]? [ (k+1)+2]
12

We show that,  Sqyq) =

We observe that,

k (k+1)(2k+1) + (k+1) [(k+1)+1] [2(k+1)+1]
6 6

Saoy = 124 (1%2+ 22) + (12+ 22+ 32) 4., +

k+1) (k+2)(2k+3
C sy + GDDEY




k (k+1)? (k+2) + (k+1) (k+2)(2k+3)
12 6

(k+1)(k+2) {(k(k+1) + 2(2k+3)]
12

(k+1)(k+2)(k?+k+4k+6)
12

(k+1)(k+2)(k?+5k+6)
12

(k+1)(k+2) [(k+2)(k+3)]
12

(k+1) (k+2)? (k+3)
12

_ (k+1) [(k+D)+1]? [ (k+1)+2]
Sk+1) = 12

. The formula is true for n=k+1

~ By the principle of mathematical induction s, is true for all n€ N.

2
12 (1%2+ 2%) + (12+ 22+ 3%2) + ... + n(n+12(2n+1) = n(n+11)2 (*2) 'is true for all n€ N.




